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A qualitative study of the lightest glueball states in Euclidean SU(2) Yang-Mills theory quantized
in the maximal Abelian gauge is presented. The analysis is done by generalizing to the maximal
Abelian gauge the so-called replica model, already successfully introduced in the Landau gauge. As it
will be shown, the gluon and ghost propagators obtained from the replica model are of the same type
of those already introduced in [1], whose behavior turns out to be in agreement with that available
from the lattice data on the maximal Abelian gauge. The model turns out to be renormalizable to all
orders, while enabling us to introduce gauge invariant composite operators for the study of the lightest
glueballs JPC = 0++, 2++ and 0−+. The spectral representation for the correlation functions of these
operators are evaluated to the first order, and the corresponding spectral densities are shown to be
positive. Under the assumption of Abelian dominance, it turns out that the hierarchy for the masses
of the lightest glueballs in the maximal Abelian gauge is in agreement with that already obtained in
the Landau gauge, a feature which provides evidence for the gauge independence of the spectrum of
the theory.
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1 Introduction
The maximal Abelian gauge [2, 3, 4] is extensively employed in the study of nonperturbative aspects of
Yang-Mills theories. This is the case, for example, of the dual superconductivity mechanism for confine-
ment [5, 6, 2], according to which the low energy region of Yang-Mills theories should be described by an
effective Abelian theory in the presence of monopoles. A dual Meissner effect arising as a consequence of
the condensation of these magnetic charges might give rise to the formation of flux tubes which confine
quarks.
The possibility of achieving a description of the low energy regime of Yang-Mills theories in terms of
an effective Abelian theory, also referred to as the Abelian dominance hypothesis [7, 8, 9], is being inves-
tigated since several years, from both theoretical and lattice simulations points of view, see also [10, 11])
for more recent investigations. In the maximal Abelian gauge, the Abelian degrees of freedom are iden-
tified with the diagonal components of the gauge field corresponding to the diagonal generators of the
gauge group. The remaining off-diagonal components decouple at low energies due to a dynamical gener-
ation of an off-diagonal mass, a feature which has already received analytical [12, 13, 14] and numerical
evidence [15, 16, 17].
In this work we pursue the investigation of the nonperturbative aspects of Yang-Mills theories in the
maximal Abelian gauge by addressing the issue of the glueball spectrum and of its comparison with
the results already obtained in the case of the Landau gauge [18, 19]. This goal will be achieved by
combining several ingredients. Firstly, we shall generalize to the case of the maximal Abelian gauge the
so called replica model, already introduced in the Landau gauge [20]. As we shall see, the replica model
exhibits two nice features which are particularly useful in order to analyse the spectrum of the lightest
glueballs. The first property concerns the gluon and ghost propagators, which turn out to be of the same
kind of those already introduced in [1] and which are in agreement with the available lattice data [17].
Moreover, unlike the model introduced in [1], the replica model enables us to make use of genuine local
gauge invariant composite operators whose correlation functions can be employed to study the glueball
spectrum. In addition, and in complete analogy with the case of the Landau gauge, the replica model of
the maximal Abelian gauge will be proven to be renormalizable to all orders. As such, the model displays
useful nonperturbative features. Secondly, we shall establish a suitable mass formula for the glueballs
by relying on a kind of inspired SVZ sum rules, already employed in the case of the Landau gauge [18].
The combination of these two ingredients will enable us to provide a qualitative analysis of the location
of the masses of the lightest glueball states.
Having thus at our disposal a model which gives rise to diagonal and off diagonal gluon propagators
in agreement with those observed in lattice simulations, we employ it in order to study the correla-
tion functions of the local composite gauge invariant operators with the quantum numbers of the three
lightest glueballs, namely JPC = 0++, 0−+, 2++. In particular, thanks to the analytic structure of the
diagonal gluon propagator, the correlation functions of the composite operators corresponding to the
states JPC = 0++, 0−+, 2++, can be cast in the form of a Ka¨lle´n-Lehmann spectral representation with
positive spectral densities, enabling us to provide a qualitative study of the mass spectrum of the lightest
glueball states in the maximal Abelian gauge. It turns out that, under the assumption of the Abelian
dominance [7, 8, 9], the resulting glueball spectrum is in agreement with that already obtained in the
case of the Landau gauge [18, 19]. This result can be taken as evidence of the nonperturbative gauge
independence of the physical spectrum of the theory.
The paper is organized as follows. In Sect.2 we give a brief account of the available lattice numerical
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simulations on the gluon propagator in the maximal Abelian gauge. In Sect.3 we construct the replica
model for the maximal Abelian gauge and we show that the resulting gluon and ghost propagators have
the same qualitative behavior of those reported in lattice simulations. In Sect.4 we introduce the gauge in-
variant composite operators corresponding to the three lightest glueball states JPC = 0++, 0−+, 2++, and
we determine the Ka¨lle´n-Lehmann spectral representation for the corresponding correlation functions.
Sect.5 is devoted to present our results about the mass spectrum of the states JPC = 0++, 0−+, 2++.
In Sect.6 we collect our conclusion. All technical details about the proof of the renormalizability of the
replica model in the maximal Abelian gauge can be found in the Appendix A, while in the Appendix B
the plots of the mass hierarchy of the states JPC = 0++, 0−+, 2++ are displayed.
2 A look at the lattice data on the gluon propagator in the maximal
Abelian gauge
Before giving a short account of the lattice investigations, let us remind that, in the SU(2) maximal
Abelian gauge, the gauge field Aµ is decomposed into diagonal and off-diagonal components, according
to
Aµ = Aaµ
(
σa
2
)
+Aµ
(
σ3
2
)
, a = 1, 2 (1)
where
(
σa, σ3
)
stand for the Pauli matrices. The diagonal component, corresponding to the diagonal
generator σ3, is Aµ, while A
a
µ, a = 1, 2, denote the off-diagonal components. In the maximal Abelian
gauge, the fields (Aaµ, Aµ) are constrained by the following conditions [2, 3, 4]
Dabµ A
b
µ = ∂µA
a
µ − gεabAµAbµ = 0 ,
∂µAµ = 0 . (2)
It is useful to remind here that the non-linear maximal Abelian gauge condition, Dabµ A
b
µ = 0, can be
implemented by minimizing the auxiliary functional [1]
F [A] =
∫
d4xAaµA
a
µ , (3)
with respect to the gauge transformations. The functional (3) possesses a lattice version [16, 17]., mak-
ing possible the numerical implementation of the maximal Abelian gauge by selecting the configurations
which correspond to local minima of the auxiliary functional.
The infrared behavior of the gluon propagator in the SU(2) maximal Abelian gauge has been investi-
gated by several authors through lattice numerical simulations. In [15], both the diagonal and off-diagonal
propagators were analysed in configuration space, exhibiting a behavior in agreement with the Abelian
dominance. The off-diagonal gluon propagator turned out in fact to be suppressed with respect to the
diagonal propagator. Later on, in [16], the diagonal and off-diagonal gluon propagators have been studied
in momentum space. Also here, the off-diagonal propagator is suppressed with respect to the diagonal one.
More recently, this issue has been addressed by the authors [17] on a larger lattice. Both gluon and
ghost propagators have been analysed, and particular attention has been devoted to their behavior at
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very low momenta p ≈ 0. According to [17], the transverse diagonal propagator can be fitted by
〈Aµ(p)Aν(−p)〉 =
(
δµν − pµpν
p2
)
Ddiag(p
2) ,
Ddiag(p
2) =
1 + dp2
a+ bp2 + cp4
, (4)
were the parameter mdiag =
√
a
b is found to be mdiag ≈ 0.72GeV . It is worth to point out that the
diagonal form factor Ddiag(p
2) does not vanish at zero momentum, p = 0, and that expression (4) is
precisely of the same kind of that found in the case of the Landau gauge within the so called Refined
Gribov-Zwanziger framework [21, 22, 23] as well as within the Landau replica model [20]. It is worth
underlining that the nonvanishing of the gluon propagator at zero momentum in the Landau gauge has
been also seen in lattice simulations, see for example [24, 25, 34, 27]. As we shall see in the following, this
is a very welcome feature which will play an important role in the discussion of the glueball spectrum in
the maximal Abelian gauge.
The best fit for the transverse off-diagonal gluon propagator is of the Yukawa type [17], namely
〈Aaµ(p)Abν(−p)〉transv. = δab
(
δµν − pµpν
p2
)
Doff (p
2) ,
Doff (p
2) =
1
a+ bp2
, (5)
where the parameter moff =
√
a
b takes now the value moff =≈ 0.97GeV . Although, as expected from
the hypothesis of Abelian dominance, the value of the off-diagonal parameter moff is greater than mdiag,
a clear evidence for the Abelian dominance would demand a more complete analysis, perhaps using larger
lattices.
Although not needed for the purposes of the present investigation, it is worth to mention that the
ghost propagator decomposes into symmetric and anti-symmetric components in color space, i.e.
〈c¯a(p)cb(−p)〉 = δabDsymm + εabDasymm . (6)
It is interesting to observe that the best fit for the symmetric form factor Dsymm obtained in [17] is also
of the Refined Gribov-Zwanziger type for the maximal Abelian gauge, as obtained in [1], namely
Dsymm =
1 + dp2
a+ bp2 + cp4
, (7)
with a = 0.45(1)GeV 2, b = 1.1(3), c = 0.73(30)GeV −2, d = 2.1(9)GeV −2. In particular, there is no sign of
infrared enhancement in expression (7), which attains a finite non-vanishing value at p ≈ 0. Concerning
the antisymmetric component, Dasymm, the authors [17] have provided a first preliminary evidence that
it might be non-vanishing, a fact that could be linked to the existence of certain non-vanishing ghost
condensates of dimension two which can be naturally introduced in the maximal Abelian gauge, as argued
in [28]. For specific details on the potential errors related to finite size and discretization effects we remind
to the original lattice references [15, 16, 17].
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3 Construction of the replica model in the maximal Abelian gauge
In order to construct the replica model, let us start with the Faddeev-Popov action for SU(2) Yang-Mills
quantized in the maximal Abelian gauge, namely
S[A] =
∫
d4x
(
1
4
F aµνF
a
µν +
1
4
FµνFµν + ib
aDabµ A
b
µ − c¯aMabcb + gεabc¯a(Dbcµ Acµ)c
+ib ∂µAµ + c¯ ∂µ(∂µc+ gε
abAaµc
b)
)
, (8)
where (F aµν , Fµν) are the off-diagonal and diagonal components of the field strength
F aµν = D
ab
µ A
b
ν −Dabν Abµ , Fµν = ∂µAν − ∂νAµ + gεabAaµAbν , (9)
and Dabµ is the covariant derivative respect to the diagonal component, eq.(2),
Dabµ = δ
ab∂µ − gεabAµ . (10)
The indices a, b, c appearing in eqs.(8), (9), (10) refer to the off-diagonal components, and run from 1 to
2, i.e. a, b, c = 1, 2. The fields (ba, b) are the Lagrange multipliers implementing the gauge conditions
(2), and (c¯a, ca), (c¯, c) are the off-diagonal and diagonal Faddeev-Popov ghosts. Also, Mab denotes the
Faddeev-Popov operator of the maximal Abelian gauge, being given by
Mab = −Dacµ Dcbµ − g2εacεbdAcµAdµ . (11)
The action (8) is left invariant by the nilpotent BRST transformations:
sAaµ = −(Dabµ cb + gεabAbµc) , sAµ = −(∂µc+ gεabAaµcb) ,
sca = gεabcbc , sc =
g
2
εabcacb ,
sc¯a = iba , sc¯ = ib ,
sba = 0 , sb = 0 , (12)
with
sS[A] = 0 . (13)
Furthermore, it is known that, for renormalization purposes [29, 30], an additional BRST exact term
proportional to a gauge parameter α has to be added to the action S[A], which is replaced by
S0[A] = S[A] + Sα , (14)
where
Sα = s
(
α
2
∫
d4x(−ic¯aba + gεabc¯ac¯b)
)
=
α
2
∫
d4x
(
baba + 2igεab bac¯bc+ g2c¯ac¯bcacb
)
. (15)
The action S0[A] enjoys multiplicative renormalizability to all orders [30]. The limit α → 0 has to be
taken after the removal of the ultraviolet divergences.
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We are now ready to start the construction of the replica model in the maximal Abelian gauge. To
that end, we shall follow the procedure already outlined in the case of the Landau gauge [20, 18]. We
first introduce a replica of the action S0[A], namely
S0[B] =
∫
d4x
{
1
4
GaµνG
a
µν +
1
4
GµνGµν + ib¯
a D¯abµ B
b
µ − ω¯aMabωb + gεabω¯a(D¯bcµ Bcµ)ω
+ib¯ ∂µBµ + ω¯ ∂µ(∂µω + gε
abBaµω
b) +
α
2
(
b¯ab¯a + 2igεab b¯aω¯bω + g2ω¯aω¯bωaωb
)}
. (16)
with
Gaµν = D¯
ab
µ B
b
ν − D¯abν Bbµ ,
Gµν = ∂µBν − ∂νBµ + gεabBaµBbν ,
D¯abµ = δ
ab∂µ − gεabBµ ,
Mab = −D¯acµ D¯cbµ − g2εacεbdBcµBdµ . (17)
The fields (Bµ, B
a
µ, ω¯, ω, ω¯
a, ωa, b¯, b¯a) are a replica of those of expression (14). The action S0[B] is left
invariant by the BRST symmetry
sBaµ = −(D¯abµ ωb + gεabBbµω) , sBµ = −(∂µω + gεabBaµωb) ,
sωa = gεabωbω , sω =
g
2
εabωaωb ,
sω¯a = ib¯a , sω¯ = ib¯ ,
sba = 0 , sb = 0 , (18)
sS0[B] = 0 . (19)
Further, following the case of the Landau gauge [20, 18], the two expressions S0[A] and S0[B] are coupled
through a soft term
Sϑ = i
√
2ϑ2
∫
d4xAµBµ , (20)
where ϑ stands for a a free mass parameter. Therefore, we consider the action
S˜ = S0[A] + S0[B] + Sϑ . (21)
It is worth to point out that S˜ enjoys the following discrete symmetry which, for obvious reasons, will
be called the mirror symmetry:
(Aaµ, Aµ) ↔ (Baµ, Bµ) ,
(ca, c) ↔ (ωa, ω) ,
(c¯a, c¯) ↔ (ω¯a, ω¯) ,
(ba, b) ↔ (b¯a, b¯) . (22)
Moreover, due to the presence of the term Sϑ, expression (21) is not left invariant by the BRST trans-
formations which, as in the case of the Landau gauge [20, 18], turn out to be softly broken, i.e.
sS˜ = sSϑ = −i
√
2ϑ2
∫
d4x
[
(∂µc+ gε
abAaµc
b)Bµ + (∂µω + gε
abBaµω
b)Aµ
]
, (23)
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Nevertheless, as we shall see in the following, the presence of the BRST soft breaking does not jeopar-
dize the renormalizability of the model as well as the introduction of local BRST invariant composite
operators describing the lightest glueball states. As already argued in [20], the mechanism of the BRST
soft breaking could be suitable in order to achieve a good description of the infrared region of a confining
gauge theory. On one hand, the soft parameter ϑ2 induces an infrared modification of the propagators of
the elementary gauge fields in such a way that they cannot describe the propagation of physical particles.
On the other hand, a set of suitable composite BRST invariant operators can be introduced in such a
way that their correlation functions can be employed to study the physical spectrum of the theory. This
framework is precisely what one could expect in a confining theory like pure Yang-Mills theory where
gluons are not part of the physical spectrum, which is given by glueballs.
Before addressing the issue of the introduction of the glueball operators, it is worth to elaborate more
on the properties of the BRST soft breaking. In particular, in the next section we shall prove that the
breaking (20) can be cast in the form of a linear breaking, i.e. of a breaking which is purely linear in the
quantum fields. This is a relevant property with far reaching consequences. It is known in fact that a
linearly broken symmetry can be directly translated into a powerful Ward identity [31], which will enable
us to give a purely algebraic proof of the renormalizability of the model, as recently done in the case of
the Gribov-Zwanziger theory, see [32, 33].
3.1 Converting the soft breaking into a linear one
In order to convert the soft breaking, eq.(23), into a linear one, we follow the procedure outlined in
[32, 33] and introduce a BRST quartet of auxiliary fields
sλ = σ , sσ = 0 ,
sσ¯ = λ¯ , sλ¯ = 0 . (24)
Next, we consider the following action:
Sσ = s
∫
d4x
(
λAµBµ − λσ¯ + ζ1
2
λσ
)
+ i
√
2ϑ2
∫
d4x σ¯(x)
=
∫
d4x
(
σAµBµ +
ζ1
2
σ2 − σ¯(σ − i
√
2ϑ2)
+λ
[
λ¯+ (∂µc+ gε
abAaµc
b)Bµ + (∂µω + gε
abBaµω
b)Aµ
])
, (25)
where the term proportional to the dimensionless constant parameter ζ1 is allowed by power-counting.
It is easy to check now that the action Sσ breaks the BRST symmetry in a linear way, i.e. the resulting
breaking term turns out to be linear in the fields, namely
sSσ = i
√
2ϑ2
∫
d4x λ¯(x) . (26)
It remains now to prove that Sσ is equivalent to Sϑ. To that end, let us notice that the auxiliary field
σ¯(x) plays the role of a Lagrange multiplier enforcing the constraint
σ − i
√
2ϑ2 = 0 . (27)
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In fact, integrating out the field σ¯, we have:
Sσ =
∫
d4x
(
i
√
2ϑ2AµBµ − ζ1 ϑ4 + λ
[
λ¯+ (∂µc+ gε
abAaµc
b)Bµ + (∂µω + gε
abBaµω
b)Aµ
])
. (28)
We can now perform a change of variables (λ, λ¯):
λ′ = λ ,
λ¯′ = λ¯+ (∂µc+ gεabAaµc
b)Bµ + (∂µω + gε
abBaµω
b)Aµ . (29)
with unity Jacobian. Therefore
Sσ =
∫
d4x
(
i
√
2ϑ2AµBµ − ζ1 ϑ4 + λ′λ¯′
)
. (30)
As the last term, λ′λ¯′, is completely decoupled from the rest of theory, we can neglect it. Up to a constant
vacuum term, ζ1 ϑ
4, we have shown that Sσ is equivalent to Sϑ. Thus, the quadratic soft breaking (23)
has been converted into a linear breaking. From now on, we shall consider the following equivalent action
S˜lin = S0[A] + S0[B] + Sσ . (31)
Let us end this section by remarking that the equivalence between the two formulations, i.e. the softly
and the linearly broken formulation, can be promoted at the quantum level. In fact, by following the
same steps outlined in the case of the Landau gauge [32, 33], it is not difficult to establish the formal
equivalence between the partition functions of the two formulations.
3.2 Introducing dimension two operators
We can pursue now the task of reproducing the infrared behavior of the gluon and ghost propagators
observed in lattice simulations, eqs.(4), (5), (7). The action (31) is not yet in its final form in order to
fulfill this task. In fact, we can introduce a whole set of dimension two operators, Ooff
A2
,Odiag
A2
,Oc¯c,Oc¯×c,
which will enable us to reproduce in a nice way the lattice results, while giving rise to an all order
renormalizable action. These operators read:
Ooff
A2
=
1
2
(AaµA
a
µ +B
a
µB
a
µ) ,
Odiag
A2
=
1
2
(AµAµ +BµBµ) ,
Oc¯c = c¯aca + ω¯aωa ,
Oc¯×c = gεab(c¯acb + ω¯aωb) . (32)
As done in the case of the soft term Sϑ of eq.(20), all operators (32) can be introduced in such a way
that the resulting breaking of the BRST symmetry is linear. Consider, for example, the operator Ooff
A2
.
Proceeding as in the previous section, we introduce a BRST quartet
sϕ = ρ , sρ = 0 ,
sρ¯ = ϕ¯ , sϕ¯ = 0 , (33)
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and write the following term
Sρ = s
∫
d4x
(
ϕOoff
A2
− ϕρ¯+ ζ2
2
ϕρ
)
+m2
∫
d4x ρ¯(x)
=
∫
d4x
(
ρOoff
A2
+
ζ2
2
ρ2 − ρ¯(ρ−m2) + ϕ
(
ϕ¯− sOoff
A2
))
, (34)
where m is a mass parameter and ζ2 a dimensionless constant allowed by power counting. Expression Sρ
gives rise to a linear breaking of the BRST symmetry, namely
sSρ = m
2
∫
d4x ϕ¯(x) . (35)
Moreover, Sρ is equivalent to the introduction of the term m
2
∫
d4x Ooff
A2
. In fact, up to a constant term,
we have
Sρ ≡
∫
d4x
(
m2Ooff
A2
+
ζ2
2
m4
)
, (36)
where use has been made of the constraint ρ = m2 and of the change of variable ϕ¯→ ϕ¯− sOoff
A2
, which
has unity Jacobian. The remaining operators can be introduced in the same way. Denoting by (ψ, h, h¯, ψ¯)
the BRST quartet needed for the introduction of the operator Oc¯c, we have
sψ = h , sh = 0 ,
sh¯ = ψ¯ , sψ¯ = 0 , (37)
so that the corresponding term accounting for the introduction of Oc¯c is given by
Sh = s
∫
d4x
(
ψOc¯c − ψh¯+ ζ3
2
ψh
)
+M2
∫
d4x h¯(x)
=
∫
d4x
(
hOc¯c + ζ3
2
h2 − h¯(h−M2) + ψ (ψ¯ − sOc¯c)) ,
≡
∫
d4x
(
M2Oc¯c + ζ3
2
M4
)
. (38)
Analogously, for the operator Odiag
A2
, we make use of the quartet
sχ = η , sη = 0 ,
sη¯ = χ¯ , sχ¯ = 0 , (39)
and write the following term
Sη = s
∫
d4x
(
χOdiag
A2
− χη¯ + ζ4
2
χη
)
+ µ2
∫
d4x η¯(x)
=
∫
d4x
(
ηOdiag
A2
+
ζ4
2
η2 − η¯(η − µ2) + χ
(
χ¯− sOdiag
A2
))
,
≡
∫
d4x
(
µ2Odiag
A2
+
ζ4
2
µ4
)
. (40)
Finally, for Oc¯×c, we have
su = ξ , sξ = 0 ,
sξ¯ = u¯ , su¯ = 0 , (41)
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and
Sξ = s
∫
d4x
(
uOc¯×c − uh¯+ ζ5
2
uξ
)
+ v2
∫
d4x ξ¯(x)
=
∫
d4x
(
ξOc¯×c + ζ5
2
ξ2 − ξ¯(ξ − v2) + u (u¯− sOc¯×c)
)
,
≡
∫
d4x
(
v2Oc¯×c + ζ5
2
v4
)
. (42)
3.3 The final expression of the classical action for the replica model in the maximal
Abelian gauge
We have now all ingredients to write down the complete classical action describing the replica model in
the maximal Abelian gauge. First, we collect all terms introduced in the previous sections and consider
S˜lin + Sρ + Sh + Sη + Sξ . (43)
Moreover, in order to discuss the renormalizability of the model, we need to introduce external sources
coupled to the composite operators corresponding to the nonlinear BRST transformations [31], namely
Ssources =
∫
d4x
[
Ωaµ (sA
a
µ) + Ω¯
a
µ (sB
a
µ) + Ωµ (sAµ) + Ω¯µ (sBµ) + L
a (sca) + L¯a (sωa) + L (sc) + L¯ (sω)
]
.
(44)
where (Ωaµ, Ω¯
a
µ,Ωµ, Ω¯µ, L
a, L¯a, L, L¯) are BRST invariant external fields. It is apparent that the mirror
symmetry, eq.(22), can be immediately extended to the external sources:
(Ωaµ,Ωµ) ↔ (Ω¯aµ, Ω¯µ) ,
(La, L) ↔ (L¯a, L¯) . (45)
Finally, it turns out that the following term
Sextra =
∫
d4x (k1 σρ+ k2 ση + k3 σh+ k4 ρη + k5 ρh+ k6 ηh) , (46)
is required by power-counting. The parameters (k1, k2, k3, k4, k5, k6) will enable us to correctly take into
account the possible mixing arising at the quantum level among the various operators of dimensions two
which have been introduced, as it will be discusses in Appendix A.
Therefore, the final form of the classical action describing the replica model in the maximal Abelian
gauge is
Σ = S˜lin + Sρ + Sh + Sη + Sξ + Ssources + Sextra . (47)
It exhibits the important feature of breaking the BRST symmetry in a linear way, i.e.
sΣ =
∫
d4x
(
i
√
2ϑ2 λ¯(x) +m2 ϕ¯(x) +M2 ψ¯(x) + µ2 χ¯(x) + v2 u¯(x)
)
. (48)
As we shall see in details in Appendix A, eq.(48) can be directly translated into a system of helpful
Slavnov-Taylor identities. Moreover, in addition of the Slavnov-Taylor identities, the action Σ exhibits a
huge set off additional Ward identities which will ensure the renormalizability to all orders.
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3.4 The gluon and ghost propagators from the replica model and their comparison
with the lattice data
Having identified the final form of the action of the replica model in the maximal Abelian gauge, eq.(47),
let us proceed by evaluating the gluon and ghost propagators and see how they compare with the corre-
sponding lattice expressions, eqs. (4), (5), (7).
For the transverse off-diagonal gluon component we obtain a Yukawa type propagator
〈Aaµ(k)Abν(−k)〉 = 〈Baµ(k)Bbν(−k)〉 =
1
k2 +m2
(
δµν − kµkν
k2
)
δab . (49)
The diagonal gluon propagator turns out to be of the type obtained in [1]. This kind of propagator also
appears in the Refined Gribov-Zwanziger theory of the Landau gauge, see [21, 22, 23], i.e.
〈Aµ(k)Aν(−k)〉 = 〈Bµ(k)Bν(−k)〉 = k
2 + µ2
(k2 + µ2)2 + 2ϑ4
(
δµν − kµkν
k2
)
. (50)
For the mixed A−B propagators we get
〈Aµ(k)Bν(−k)〉 = −2ϑ
2
(k2 + µ2)2 + 2ϑ4
(
δµν − kµkν
k2
)
, (51)
and
〈Aaµ(k)Bbν(−k)〉 = 0 . (52)
The symmetric off-diagonal ghost propagator is given by
〈c¯a(k)cb(−k)〉symm = 〈ω¯a(k)ωb(−k)〉symm = −k
2 +M2
(−k2 +M2)2 + v4 δ
ab , (53)
while for the anti-symmetric off-diagonal ghost we obtain
〈c¯a(k)cb(−k)〉anti−symm = 〈ω¯a(k)ωb(−k)〉anti−symm = − v
2
(−k2 +M2)2 + v4 ε
ab . (54)
Looking at expressions (49), (50), (53) we see that they are precisely of the same qualitative kind of
those reported in lattice simulations, and already obtained in [1]. This feature shows that the replica
model might be very helpful in order to investigate the infrared properties of confining Yang-Mills theories.
Before ending this section, it is worth to spend a few words on the massive parameters (ϑ2,m2,M2, µ2, v2)
which appear in the classical action (47). In the present work, these parameters are regarded as free
parameters whose introduction can be supported by the requirement of agreement with the behavior of
the gluon and ghost propagators obtained in lattice simulations. Moreover, although being out of the aim
of this work, we point out that a possible framework to provide a deeper meaning to those parameters
could be achieved by implementing, within the framework of the replica model, the restriction of the
domain of integration in the path integral to the so-called Gribov region Ω of the maximal Abelian
gauge1. In fact, as it stands, the action of the replica model, eq.(47), is still plagued by the presence
1We remind here that the Gribov region Ω in the maximal Abelian gauge can be defined as the set of all configurations
for which the Faddeev-Popov operator of the maximal Abelian gauge is strictly positive, namely
Ω = {Aµ, Aaµ, ∂µAµ = 0, Dabµ Abµ = 0, Mab > 0} . (55)
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of Gribov copies. This observation follows by realizing that the replica model has been constructed
by making use of the maximal Abelian gauge conditions Dabµ A
b
µ = 0 and D¯
ab
µ B
b
µ = 0. Consequently,
the Faddeev-Popov operators Mab and Mab in eqs.(11),(17) are nothing but the usual Faddeev-Popov
operators of the maximal Abelian gauge. As such, they have zero modes which correspond to Gribov
copies. A way to take into account the existence of these copies would be that of implementing, in the
case of the replica model, the restriction in the domain of integration to the Gribov region of the maximal
Abelian gauge, as discussed in [35, 36, 37, 38], see also [20] for a treatment of the Gribov issue in the
replica model for the Landau gauge. This would give rise to a set of gap equations which would provide
a dynamical origin for the parameters (ϑ2,m2,M2, µ2, v2). Though, for the time being, these parameters
will be treated as free parameters.
4 Composite operators and spectral functions
As already pointed out in the introduction, one relevant feature of the replica model is the possibility
of introducing BRST invariant composite operators whose two-point correlation functions exhibit the
Ka¨lle´n-Lehmann spectral representation with positive spectral densities. As such, these correlation func-
tions can be given a physical meaning, being suitable for the investigation of the spectrum of the glueballs.
We underline that the introduction of these BRST invariant composite operators is a nontrivial fea-
ture of the replica model, given that these correlation functions have to be evaluated with confining
propagators which have complex poles as, for example
k2 + µ2
(k2 + µ2)2 + 2ϑ4
=
1
2
(
1
k2 + µ2 + i
√
2ϑ2
+
1
k2 + µ2 − i√2ϑ2
)
. (56)
It is worth mentioning here that this type of propagator also exhibits positivity violation, see [22].
Let us also remind that the introduction of BRST invariant composite operators exhibiting good spec-
tral properties is still an open problem of both Gribov-Zwanziger [39, 40] and Refined Gribov-Zwanziger
[21, 22, 23] frameworks.
The mechanism which enables us to construct composite operators which, despite the use of a con-
fining propagator which has complex poles, give rise to correlation functions with nice spectral properties
has been elucidated in [41] and relies on the concept of i-particles. From expression (56), it is apparent
that the confining gluon propagator in the right hand side can be seen as describing the propagation of
two unphysical modes with complex conjugate masses (µ2 ± i√2ϑ2). These unphysical modes have been
called i-particles in [41]. Moreover, it turns out that, for a certain type of composite operators, only pairs
of i-particles with conjugate masses contribute to the two-point correlation functions of these operators.
In this case, the complex conjugate poles combine each other in such a way that a cut along the real
axis in the complex k2-plane emerges at the end of the computation [41], allowing us to write down a
nice spectral representation. In the case of the replica model, it turns out that this particular class of
composite operators is precisely given by the BRST invariant operators. This is what one would expect
in a confining theory: the elementary fields do not correspond to excitations of the physical spectrum,
described by a suitable set of BRST invariant composite operators corresponding to bound states of the
confined unphysical elementary excitations.
Let us proceed thus by introducing the BRST invariant composite operators with the quantum num-
bers of the three lightest glueballs. These states are classified according to the values of JPC , where J is
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the angular momentum, P the parity, and C the charge conjugation, see [42] for a recent review on glue-
balls. The lightest glueball states have JPC = 0++, 0−+, 2++. Following the same procedure of the replica
model of the Landau gauge [18], for the composite operators corresponding to JPC = 0++, 0−+, 2++, we
have
O0++(x) =
1
2
(
FAµνF
A
µν −GAµνGAµν
)
(57)
=
1
2
(F aµνF
a
µν −GaµνGaµν + FµνFµν −GµνGµν) (58)
O0−+(x) =
1
2
µνρσ
(
FAµνF
A
ρσ −GAµνGAρσ
)
(59)
=
1
2
µνρσ(F
a
µνF
a
ρσ + FµνFρσ −GaµνGaρσ −GµνGρσ) (60)
[O2++(x)]µν =
(
PµαPνβ − 1
3
PµνPαβ
)(
FAασF
A
βσ −GAασGAβσ
)
(61)
=
(
PµαPνβ − 1
3
PµνPαβ
)
(F aασF
a
βσ + FασFβσ −GaασGaβσ −GασGβσ) (62)
where Pµν = δµν∂
2 − ∂µ∂ν is the transverse projector. As pointed out in [43, 18], the last operator
generates a pure 2++, as follows by noticing that expression (62) is symmetric, traceless and conserved.
It remains now to evaluate the two-point correlation functions
〈Oi(k)Oi(−k)〉 , i = 0++, 0−+, 2++ , (63)
and show that they can be cast in the form of a Ka¨lle´n-Lehmann spectral representation, i.e.
〈Oi(k)Oi(−k)〉 = 1
pi
∫ ∞
τ0i
dτ
ρi(τ)
τ + k2
. (64)
Making use of i-particles, see eq.(56), for the correlation functions (63) at one-loop order, we get
〈Oi(k)Oi(−k)〉 = 4
∫
d4p
(2pi)4
fi(p, k − p)
(p2 + µ2 + i
√
2ϑ2)(p2 + µ2 − i√2ϑ2) , (65)
where fi(p, k−p), i = 0++, 2++, 0−+ are polynomials in the scalar products of the momenta (k, p). There
are several ways to cast expression (65) in the form of a Ka¨lle´n-Lehmann representation. As recently
discussed in [44], a powerful framework is that of employing Cutkosky’s rules, and performing an analytic
continuation to complex masses in Euclidean space. Noticing that, at one-loop order, the correlation
functions 〈Oi(k)Oi(−k)〉 can be decomposed into diagonal and off-diagonal components, namely
Oi(x) = Odiagi (x) +Ooffi (x) , (66)
〈Oi(k)Oi(−k)〉 = 〈Odiagi (k)Odiagi (−k)〉+ 〈Ooffi (k)Ooffi (−k)〉 , (67)
it turns out that, after a rather long computation, the corresponding spectral representations are given
by the following expressions
〈Ooff (k)Ooff (−k)〉0++ =
1
8pi2
∫ ∞
4m2
dτ
τ + k2
√
1− 4m
2
τ
(4m4 + 2τ2 + 8m2(m2 − τ)) , (68)
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〈Ooff (k)Ooff (−k)〉2++ =
1
6pi2
∫ ∞
4m2
dτ
τ + k2
√
1− 4m
2
τ
2τ4(6m4 − 3m2τ + τ2) , (69)
〈Ooff (k)Ooff (−k)〉0−+ =
1
pi2
∫ ∞
4m2
dτ
τ + k2
√
1− 4m
2
τ
(τ2 − 4m4 + 4m2(m2 − τ)) , (70)
〈Odiag(k)Odiag(−k)〉0++ =
1
8pi2
∫ ∞
2(µ2+
√
µ4+2ϑ4)
dτ
τ + k2
√
1− 8ϑ
4
τ2
− 4µ
2
τ
(4µ2 + 8ϑ4 + 2τ2 + 8µ2(µ2− τ)) ,
(71)
〈Odiag(k)Odiag(−k)〉2++ =
1
9pi2
∫ ∞
2(µ2+
√
µ4+2ϑ4)
dτ
τ + k2
√
1− 8ϑ
4
τ2
− 4µ
2
τ
τ2
(−8τϑ4(µ2 − 4τ)
+3τ2(6µ4 − 3µ2τ + τ2) + 32ϑ8) , (72)
〈Odiag(k)Odiag(−k)〉0−+ =
1
16pi2
∫ ∞
2(µ2+
√
µ4+2ϑ4)
dτ
τ + k2
√
1− 8ϑ
4
τ2
− 4µ
2
τ
(τ2 − 4µ4 − 8ϑ4 + 4µ2(µ2 − τ)) .
(73)
It is worth observing that all spectral densities entering expressions (68)–(73) are positive definite within
the corresponding range of integration.
5 Qualitative analysis of the spectrum of the lightest glueballs, JPC =
0++, 2++, 0−+
With the information encoded in the Ka¨lle´n-Lehmann spectral representation of the correlation func-
tions of the glueball operators, we can provide a qualitative study of the spectrum of the lightest states
JPC = 0++, 2++, 0−+ in the maximal Abelian gauge. As we shall see later on, the hypothesis of Abelian
dominance will play a pivotal role.
The first task to study the spectrum of the glueballs is that of establishing a suitable mass formula
through the use of the spectral densities evaluated in the previous sections. To that end we shall adopt
the set up which has been successfully developed in the case of the Landau gauge [18], based on a kind
of SVZ-type sum rules [45, 46, 47]. For the benefit of the reader, let us give here a short account of the
method. As it is customary in the SVZ approach to QCD [48], we start by considering the two point
correlation functions
Πi(q
2) =
∫
d4x eiqx〈Oi(x)Oi(0)〉 , (74)
where Oi, i = 0
++, 2++, 0−+, stand for the local composite gauge invariant operators which generate
glueball states with quantum numbers JPC = 0++, 2++, 0−+.
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On physical grounds, a truly nonperturbative evaluation of Πi(q
2) would enable us to write an exact
Ka¨lle´n-Lehmann spectral representation
Πi(q
2) =
1
pi
∫ ∞
0
dτ
ImΠi(τ)
τ + q2
, (75)
which is expected to follow from the unitarity and analyticity properties of the underlying nonperturbative
theory2. We thus proceed by employing a one-resonance parametrization for ImΠi(τ), namely
ImΠi(τ)
pi
= Ri δ(τ −m2i ) + θ(τ − τ i0)ρi(τ) , (76)
where m2i denotes the glueball mass in the i-th channel, τ
i
0 is the threshold for the continuum part of the
spectrum, and ρi(τ) the corresponding positive spectral density. Of course, the real values of Ri, m2i ,
τ i0 and of the spectral density ρi(τ) are unknown. So far, the best which can be done is computing the
correlation functions (74) by trying to encode as much nonperturbative effects as possible, as summarized
by the following equation
Ri
q2 +m2i
+
∫ ∞
τ i0
dτ
ρi(τ)
τ + q2
= Πnpi , (77)
where Πnpi stands for the expression of the correlation function (74) which one has been able to evaluate
in practice. Expression (77) establishes the so-called sum rules, enabling us to give estimates of the
glueball masses in terms of the nonperturbative parameters present in Πnpi . As done in [18], we shall
attempt at evaluating the right hand side of eq.(77) by employing a suitable trial action Strial which
encodes nonperturbative information about the infrared dynamics of Yang-Mills theories. Of course, the
choice of Strial is a nontrivial matter which has to account for the following requirements:
• i) the action Strial has to display a nonperturbative character, encoded in the presence of a set
of nonperturbative parameters {λ}. Moreover, in the limit λ = 0, in which these parameters are
removed, the action Strial(λ) has to reduce to the usual perturbative Faddeev-Popov action SFP ,
i.e.
Strial(λ)
∣∣∣
λ=0
= SFP , (78)
• ii) it accounts for gluon confinement. This means that the two point correlation function of the
elementary gluon field evaluated with Strial(λ) cannot be cast in the form of a spectral representation
with positive spectral density, so that it cannot be interpreted as the propagator of a physical
particle.
• iii) Strial(λ) has to be renormalizable, meaning that consistent perturbative calculations can be
worked out.
• iv) Strial(λ) should enable us to introduce gauge invariant or, equivalently, BRST invariant local
composite operators {Oi} with the quantum numbers JPC = 0++, 2++, 0−+, whose two point
correlation functions
Πnpi (q
2) ≡ Πtriali (q2, λ) =
∫
d4x eiqx〈Oi(x)Oi(0)〉 , (79)
2We remind here that, in some cases, the spectral representation, eq.(75), might require appropriate subtraction terms
in order to ensure convergence. These terms are not written down, as they will be removed once the Borel transformation
will be taken [48].
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exhibit the Ka¨lle´n-Lehmann spectral representation, at least at their lowest order, i.e.
Πnpi (q
2) = Πtriali (q
2, λ) =
∫ ∞
τ
(i)trial
0 (λ)
dτ
ρtriali (τ)
τ + q2
+O(~2) . (80)
Requirements i)–iv) look quite stringent. As such, they might provide a satisfactory set up in order to
achieve a useful predictive expression for the correlation functions Πtriali (q
2, λ), eq.(79).
As trial action we shall adopt the action of the replica model of the maximal Abelian gauge given
in the expression (47), i.e.
Strial(λ) = Σ , (81)
so that the quantity Πtriali (q
2, λ) in eq.(80) will be identified with the corresponding expression evaluated
with the replica action Σ, namely
Πtriali ≡ Πrepli , ρtriali ≡ ρrepli . (82)
As shown in the previous sections, the action Σ fulfills all requirements i) − iv). In particular, the
nonperturbative character of Σ is encoded in the mass parameters (ϑ2,m2,M2, µ2, v2) which enable us
to reproduce the infrared behavior of the gluon and ghost propagators observed in lattice simulations.
Furthermore, taking into account that, according to eqs. (68)-(73), the spectral functions ρrepli decompose
at one-loop order as
ρrepli = [ρ
repl
i ]diag + [ρ
repl
i ]off , (83)
it follows that eq.(80) becomes
Πrepli (q
2) =
∫ ∞
[τ
(i)repl
0 ]diag
dτ
[ρrepli (τ)]diag
τ + q2
+
∫ ∞
[τ
(i)repl
0 ]off
dτ
[ρrepli (τ)]off
τ + q2
. (84)
Before going any further and, as done in the SVZ sum rules [45, 46, 47, 48], we need to provide an
estimate for the quantity ∫ ∞
τ i0
dτ
ρi(τ)
τ + q2
, (85)
appearing in eqs.(76),(77). Requirement iv) above states that the expression for Πnpi in eq.(77) reads, at
the lowest order:
Ri
q2 +m2i
+
∫ ∞
τ i0
dτ
ρi(τ)
τ + q2
=
∫ ∞
[τ
(i)repl
0 ]diag
dτ
[ρrepli (τ)]diag
τ + q2
+
∫ ∞
[τ
(i)repl
0 ]off
dτ
[ρrepli (τ)]off
τ + q2
+O(~2) . (86)
Following [18], we shall estimate expression (85) by assuming that, up to the required order, the exact
spectral functions ρi(τ) are well approximated by those which have been evaluated explicitly at one-loop
order by means of the replica action Σ, that is
ρi(τ) = [ρ
repl
i (τ)]diag θ(τ − a [τ (i)repl0 ]diag) + [ρrepli (τ)]off θ(τ − b [τ (i)repl0 ]off ) , (87)
where a, b ∈ R+ stand for free parameters accounting for the difference between the value of the true
unknown physical threshold τ i0 in eq.(85) and the thresholds
(
[τ
(i)repl
0 ]diag, [τ
(i)repl
0 ]off
)
which we have
been able to evaluate in practice, eqs.(68)–(73). Therefore, for the final form of the sum rules which we
shall employ, we write
Ri
q2 +m2i
=
∫ a[τ (i)repl0 ]diag
[τ
(i)repl
0 ]diag
dτ
[ρrepli (τ)]diag
τ + q2
+
∫ b[τ (i)repl0 ]off
[τ
(i)repl
0 ]off
dτ
[ρrepli (τ)]off
τ + q2
. (88)
This equation will be taken as the starting point in order to derive a mass formula for the glueballs and to
provide a qualitative analysis of the lightest states JPC = 0++, 2++, 0−+ in the maximal Abelian gauge.
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5.1 A mass formula for the glueballs
All ingredients are now at our disposal to work out a mass formula for the glueball states. As in the SVZ
sum rules approach [45, 46, 47], we shall make use of the Borel transformation. Let us briefly illustrate
how this works. One starts by considering an equation of the following type
F
k2 +m2g
=
∫ τ2
τ1
dτ
σ(τ)
τ + k2
, (89)
for some suitable F , m2g and σ(τ). Equation (89) is precisely of the kind of expression (88). Let us
remind some basic properties of the Borel transformation Bµ, i.e.
Bµ
(
1
k2 +m2g
)
= e
−m
2
g
µ2B ,
Bµ
(
k2
k2 +m2g
)
= −m2ge
−m2
µ2B , (90)
where µB is the so called Borel mass, see for example [48]. Applying thus the operation Bµ to both sides
of eq.(89), we get
Fe−
m2g
µ2B =
∫ τ2
τ1
dτ σ(τ) e
− τ
µ2B ,
m2g Fe
−m
2
g
µ2B =
∫ τ2
τ1
dτ τ σ(τ) e
− τ
µ2B (91)
so that one derives the mass formula [18]
m2g =
∫ τ2
τ1
dτ τ σ(τ) e
− τ
µ2B∫ τ2
τ1
dτ σ(τ) e
− τ
µ2B
. (92)
Let us make use of this formula by focusing, without loss of generality, to the case of the glueball state
0++. Before applying the Borel transformation, it is useful to perform helpful changes of variables in the
integrals of expressions (68) and (71). For the diagonal part, eq.(71), we shall set
τˆ ≡ τ − 2µ2 ,
∆ ≡ 2
√
µ4 + 2ϑ4 , (93)
so that
〈Odiag(k)Odiag(−k)〉0++ =
1
8pi2
∫ ∞
∆
dτˆ
(
1
k2 + τˆ + 2µ2
) √
τˆ2 −∆2
τˆ + 2µ2
(
2τˆ2 + ∆2
)
=
1
8pi2
∫ ∞
∆
dτˆ
(
1
k2 + τˆ +
√
∆2 − 8ϑ4
) √
τˆ2 −∆2
τˆ +
√
∆2 − 8ϑ4
(
2τˆ2 + ∆2
)
. (94)
For the off-diagonal component, eq.(68), we shall make use of
τ˜ ≡ τ − 2m2 ,
Γ ≡ 2m2 . (95)
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Thus
〈Ooff (k)Ooff (−k)〉0++ =
1
8pi2
∫ ∞
Γ
dτ˜
(
1
k2 + τ˜ + Γ
) √
τ˜2 − Γ2
τ˜ + Γ
(
2τ˜2 + Γ2
)
. (96)
Applying now the Borel transformation to the diagonal component, one gets
Bµ
(
1
k2 + τˆ +
√
∆2 − 8ϑ4
)
= Bµ
(
1
k2 + τˆ + 2µ2
)
= e
− (τˆ+2µ2)
µ2B = e−pte−pq ,
Bµ
(
k2
k2 + τˆ + 2µ2
)
= − (τˆ + 2µ2) e− (τˆ+2µ2)µ2B = −∆ (t+ q) e−pte−pq (97)
where we have introduced the following dimensionless quantities
t =
τˆ
∆
,
p =
∆
µ2B
,
q =
2µ2
∆
. (98)
Analogously, for the off-diagonal part:
Bµ
(
1
k2 + τ˜ + Γ
)
= e
− (τ˜+Γ)
µ2B = e−rse−r ,
Bµ
(
k2
k2 + τ˜ + Γ
)
= − (τ˜ + Γ) e−
(τ˜+Γ)
µ2B = −Γ (s+ 1) e−rse−r (99)
where
s =
τ˜
Γ
,
r =
Γ
µ2B
. (100)
Finally, putting all together, we obtain
m20++(a, b, p, q, r) = ∆
∫ a
1 dt
√
t2 − 1 (2t2 + 1) e−pte−pq + 3 r4
p4
∫ b
1 ds
√
s2 − 1 (2s2 + 1) e−rse−r∫ a
1 dt
√
t2−1
t+q (2t
2 + 1) e−pte−pq + 3 r3
p3
∫ b
1 ds
√
s2−1
s+1 (2s
2 + 1) e−rse−r
. (101)
This formula follows by performing the following steps: we start from expression (88) which is a particular
case of expression (89). In particular, the spectral densities appearing in eq.(88) can be read off from
eqs.(94), (96). Further, the Borel transform in eq.(90) is applied to the specific case of the spectral
spectral densities given in eqs.(94), (96), resulting in the mass formula (101). Similar expressions can be
derived for the masses corresponding to the states 2++, 0−+.
5.2 Taking into account the hypothesis of Abelian dominance
Having been able to work out a mass formula for the glueball states, the next step is that of making a
comparison among the three masses m20++ ,m
2
2++ ,m
2
0−+ , and check out if their location is in agreement
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with the results obtained in lattice simulations [49], according to which the 0++ is the lowest state, fol-
lowed by the 2++, the 0−+ being the heaviest one, i.e. m20++ < m
2
2++ < m
2
0−+ .
At this stage, and before discussing the mass hierarchy, we need to take into account the consequences
stemming from the hypothesis of Abelian dominance [7, 8, 9], which is believed to be a key feature of the
maximal Abelian gauge. Let us remind here that, according to the Abelian dominance, the off-diagonal
degrees of freedom are expected to decouple at low energies, due to the dynamical generation of a large
off-diagonal mass, a fact which has already received a certain amount of evidence, from numerical lattice
simulations [15, 16, 17] as well as from theoretical calculations [12, 13, 14]. Even if the issue of the Abelian
dominance is still an open subject, let us proceed by assuming that it holds and that, accordingly, the
off-diagonal components acquire a large dynamical mass which decouple them at low energies. As we
shall see, the hypothesis of the Abelian dominance will have great impact on the glueball mass formula
(101). Looking in fact at expression (101), one immediately recognizes that the contribution coming from
the off-diagonal sector is encoded in the two integrals
r4
p4
∫ b
1
ds
√
s2 − 1 e−rs e−r , r
3
p3
∫ b
1
ds
√
s2 − 1
s+ 1
(2s2 + 1) e−rs e−r , (102)
where
r =
Γ
µ2B
= 2
m2
µ2B
, (103)
and m stands for the mass of the off-diagonal components of the gauge field. If we assume now that,
according to the Abelian dominance hypothesis, m is larger enough than the remaining mass parameters
(µ, ϑ) which enter the expression of the diagonal gluon propagator, eq.(50), it follows that the off-diagonal
contribution to expression (101) turns out to be very much suppressed, due to the exponential factor
e−r(s+1) appearing in eq.(102). Neglecting thus the off-diagonal contribution, the mass formula for the
state 0++ becomes
m20++→Abelian dom. = ∆
∫ a
1 dt
√
t2 − 1(t2 + 12) e−pt∫ a
1 dt
√
t2−1
t+q (t
2 + 12)e
−pt
. (104)
Similarly, for the other states 2++ and 0++, we obtain
m22++(a, p) = ∆
∫ a
1 dt
√
t2 − 1 (q + t)2(5q2(2t2 + 1) + 15qt(t2 + 1) + 6t4 + 8t+ 1) e−pt∫ a
1 dt
√
t2−1
t+q (q + t)
2(5q2(2t2 + 1) + 15qt(t2 + 1) + 6t4 + 8t+ 1) e−pt
, (105)
m20−+(a, p) = ∆
∫ a
1 dt
(
t2 − 1)3/2 e−pt∫ a
1 dt
(t2−1)3/2
t+q e
−pt
. (106)
As done in [18], we present here a qualitative analysis of the ratio of the glueball masses m20++, m
2
2++,
m20−+. From expressions (104), (105) and (106) we see that, under the hypothesis of Abelian dominance,
the glueball masses are functions of the threshold parameter a and of the Borel mass µB, encoded in the
parameter p. According to the SVZ framework, we vary these parameters and we look at the location of
the glueball masses. The output of our results are shown in Fig.1 and Fig.2. In particular, from Fig.1, one
can see that, when the parameter a belongs to the interval 1 < a < 1.8, the masses of the three lightest
states are in qualitative agreement with the available lattice data [49], i.e. m20++ < m
2
2++ < m
2
0−+, a
feature which holds for all values of p, as shown in Fig.2. As already mentioned, the plots of Fig.1 and
Fig. 2 are precisely of the same kind of those previously obtained in the Landau gauge [18], a fact which
we interpret as evidence of the gauge independence of the physical spectrum of the theory. Moreover,
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the existence of the interval 1 < a < 1.8 is regarded as an encouraging consistent confirmation towards a
more quantitative analysis of the glueballs spectrum in the maximal Abelian gauge [50], along the lines
presented in [19].
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Figure 1: Glueball masses as functions of the threshold parameter a, for p = 5.
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Figure 2: Glueball masses as functions of p, for a = 1.3
Let us end this section with the following remarks:
• it turns out that the mass hierarchy for the states 0++, 2++, 0−+, in the maximal Abelian gauge is
the same as that of the Landau gauge, namely m20++ < m
2
2++ < m
2
0−+ , and is in agreement with the
lattice data [49]. We take the present results as evidence of the gauge independence of the physical
spectrum of the theory,
• it worth to mention that the ordering which we have obtained for the low lying glueball masses has
also been established in other approaches, such as AdS/QCD and SVZ sum rules. We remind the
reader to the reference [42] for a general review on the glueball spectrum.
• the present result can be traced back to two relevant features of the maximal Abelian gauge: i) the
assumption of the Abelian dominance [7, 8, 9], ii) the nice fact that the diagonal gluon propagator,
eq.(50), is of the same kind of that found in the Landau gauge, in both Refined Gribov-Zwanziger
model [21, 22, 23] and Landau replica model [20].
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6 Conclusion
In this work we have presented a first qualitative study of the glueball spectrum in the maximal Abelian
gauge. In particular, the three lightest states, JPC = 0++, 2++, 0−+, have been investigated. The output
of our analysis is that the resulting mass hierarchy is in agreement with both lattice data [49] and previous
analytic results obtained in the Landau gauge [18, 19]. As already mentioned, we interpret our result as
evidence of the gauge independence of the physical spectrum of the theory.
Concerning the maximal Abelian gauge, we have implemented it within the framework of the replica
model, already successfully introduced in the Landau gauge [20]. As we have seen, the action of the
replica model which we have been able to construct in the maximal Abelian gauge enables us to nicely
reproduce the infrared behavior of the gluon and ghost propagators observed in lattice simulations [17].
In addition, the model allows for the introduction of BRST invariant local operators for glueball states
whose correlation functions display a spectral representation with positive spectral densities.
We have had also the opportunity to repeatedly state the relevance of the Abelian dominance hypothesis
[7, 8, 9], which is believed to be a key ingredient of the maximal Abelian gauge. We hope that the present
results might stimulate further investigations on the infrared behavior of the gluon and ghost propagators
through lattice simulations as well as more quantitative results on the Abelian dominance in the maximal
Abelian gauge.
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A Renormalization of the action of the replica model in the maximal
Abelian gauge
A.1 The starting classical action
This Appendix is devoted to give a detailed proof of the renormalizability of the action of the replica
model in the maximal Abelian gauge. Let us begin by reminding the expression of the classical action Σ
we start with, namely
Σ = S˜lin + Sρ + Sh + Sη + Sξ + Ssources + Sextra . (107)
where S˜lin, Sρ, Sh, Sη, Sξ, Ssources, Sextra are given, respectively, in eqs.(31),(34),(38),(40),(42),(44),(46).
With the exception of a linear term, irrelevant at the quantum level, the action Σ displays the following
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discrete symmetry
Y1 → −Y1 ,
Y2 → Y2 ,
Ydiag → −Ydiag ,
Y → Y ,
p → p , (108)
where Ya, a = 1, 2, Ydiag, Y and p stand for
Ya ≡ {Aaµ, Baµ, ba, b¯a, ca, ωa, c¯a, ω¯a,Ωaµ, Ω¯aµ, La, L¯a} ,
Ydiag ≡ {Aµ, Bµ, b, b¯, c, ω, c¯, ω¯,Ωµ, Ω¯µ, L, L¯, u, u¯, ξ, ξ¯} ,
Y ≡ {σ, σ¯, λ, λ¯, ρ, ρ¯, ϕ, ϕ¯, h, h¯, ψ, ψ¯, η, η¯, χ, χ¯} ,
p ≡ {m2,M2, µ2, ϑ2, v2, g, α, ζ1, . . . , ζ5, k1, . . . , k6} . (109)
This symmetry forbids, for example, the occurrence of terms like
∫
d4xσ(x)ξ(x) which are, in principle,
permitted by the power-counting.
A.2 Ward identities
The action Σ obeys a large set of Ward identities, which we enlist below:
• the linearly broken Slavnov-Taylor identity:
S(Σ) ≡
∫
d4x
(
δΣ
δAaµ
δΣ
δΩaµ
+
δΣ
δBaµ
δΣ
δΩ¯aµ
+
δΣ
δAµ
δΣ
δΩµ
+
δΣ
δBµ
δΣ
δΩ¯µ
+
δΣ
δca
δΣ
δLa
+
δΣ
δωa
δΣ
δL¯a
+
δΣ
δc
δΣ
δL
+
δΣ
δω
δΣ
δL¯
+ iba
δΣ
δc¯a
+ ib¯a
δΣ
δω¯a
+ ib
δΣ
δc¯
+ ib¯
δΣ
δω¯
+ σ
δΣ
δλ
+ λ¯
δΣ
δσ¯
+ρ
δΣ
δϕ
+ ϕ¯
δΣ
δρ¯
+ h
δΣ
δψ
+ ψ¯
δΣ
δh¯
+ η
δΣ
δχ
+ χ¯
δΣ
δη¯
+ ξ
δΣ
δu
+ u¯
δΣ
δξ¯
)
=
∫
d4x
(
i
√
2ϑ2 λ¯(x) +m2 ϕ¯(x) +M2 ψ¯(x) + µ2 χ¯(x) + v2 u¯(x)
)
. (110)
• the equations of motion of the diagonal Lagrange multipliers and of the antighost equations:
δΣ
δb
= i∂µAµ ,
δΣ
δc¯
+ ∂µ
δΣ
δΩµ
= 0 ; (111)
δΣ
δb¯
= i∂µBµ ,
δΣ
δω¯
+ ∂µ
δΣ
δΩ¯µ
= 0 . (112)
• the equations of motion of the auxiliary fields:
δΣ
δσ¯
= −(σ − i
√
2ϑ2) ,
δΣ
δλ¯
= −λ ; (113)
δΣ
δρ¯
= −(ρ−m2) , δΣ
δϕ¯
= −ϕ ; (114)
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δΣ
δh¯
= −(h−M2) , δΣ
δψ¯
= −ψ ; (115)
δΣ
δη¯
= −(η − µ2) , δΣ
δχ¯
= −χ ; (116)
δΣ
δξ¯
= −(ξ − v2) , δΣ
δu¯
= −u . (117)
• the linearly broken parametric equations:
∂Σ
∂ϑ2
= i
√
2
∫
d4x σ¯(x) ; (118)
∂Σ
∂m2
=
∫
d4x ρ¯(x) ; (119)
∂Σ
∂M2
=
∫
d4x h¯(x) ; (120)
∂Σ
∂µ2
=
∫
d4x η¯(x) ; (121)
∂Σ
∂v2
=
∫
d4x ξ¯(x) . (122)
• the linearly broken integrated Ward identity:
Υ(Σ) ≡
∫
d4x
(
δΣ
δϕ
− αδΣ
δψ
− ica δΣ
δba
− iωa δΣ
δb¯a
+ 2
δΣ
δu¯
δΣ
δL
+ 2
δΣ
δu¯
δΣ
δL¯
)
=
∫
d4x
(
ϕ¯− αψ¯) . (123)
• the diagonal local ghost equations:
Gc(Σ) ≡ δΣ
δc
− igεabc¯a δΣ
δbb
+ ∂µ
(
Aµ
δΣ
δχ¯
)
= −∂µ(∂µc¯+ Ωµ) + gεab(ΩaµAbµ − Lacb) ; (124)
Gω(Σ) ≡ δΣ
δω
− igεabω¯a δΣ
δb¯b
+ ∂µ
(
Bµ
δΣ
δχ¯
)
= −∂µ(∂µω¯ + Ω¯µ) + gεab(Ω¯aµBbµ − L¯aωb) . (125)
• the SL(2,<) Ward identities:
D(Σ) ≡
∫
d4x
(
ca
δΣ
δc¯a
− i δΣ
δLa
δΣ
δba
+ 2
δΣ
δL
δΣ
δξ¯
)
= 0 ; (126)
D¯(Σ) ≡
∫
d4x
(
ωa
δΣ
δω¯a
− i δΣ
δL¯a
δΣ
δb¯a
+ 2
δΣ
δL¯
δΣ
δξ¯
)
= 0 . (127)
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• the linearly broken U(1) residual identities, typical of the maximal Abelian gauge:
W(Σ) ≡ ∂µ δΣ
δAµ
+ ∂µ
(
Aµ
δΣ
δη¯
)
+ gεab
∑
y∈A
ya
δΣ
δyb
= −i∂2b+ µ2∂µAµ ; (128)
W¯(Σ) ≡ ∂µ δΣ
δBµ
+ ∂µ
(
Bµ
δΣ
δη¯
)
+ gεab
∑
y¯∈B
y¯a
δΣ
δy¯b
= −i∂2b¯+ µ2∂µBµ ; (129)
with
A ≡ {Aaµ, ba, c¯a, ca,Ωaµ, La} ,
B ≡ {Baµ, b¯a, ω¯a, ωa, Ω¯aµ, L¯a} . (130)
A.3 Characterization of the most general counterterm
In order to characterize the most general local invariant counterterm compatible with the whole set of
Ward identities we follow the procedure of the Algebraic Renormalization [31]. We perturb thus the
action Σ by adding an arbitrary local integrated polynomial Σcount in the fields and external sources, of
dimension bounded by four, and we require that the perturbed action, Σ + εΣcount, obeys, to the first
order in the expansion parameter ε, the same set of Ward identities fulfilled by Σ. This gives rise to the
following constraints for Σcount:
SΣ Σcount = 0 ; (131)(
δ
δc¯
+ ∂µ
δ
δΩµ
)
Σcount = 0 ,
(
δ
δω¯
+ ∂µ
δ
δΩ¯µ
)
Σcount = 0 , (132)
ΥΣ Σ
count = 0 ; (133)
Gc Σ
count = 0 , Gω Σ
count = 0 ; (134)
DΣ Σcount = 0 , D¯Σ Σcount = 0 ; (135)
W Σcount = 0 , W¯ Σcount = 0 ; (136)
where SΣ stands for the linearized nilpotent Slavnov-Taylor operator
SΣ =
∫
d4x
(
δΣ
δAaµ
δ
δΩaµ
+
δΣ
δΩaµ
δ
δAaµ
+
δΣ
δBaµ
δ
δΩ¯aµ
+
δΣ
δΩ¯aµ
δ
δBaµ
+
δΣ
δAµ
δ
δΩµ
+
δΣ
δΩµ
δ
δAµ
+
δΣ
δBµ
δ
δΩ¯µ
+
δΣ
δΩ¯µ
δ
δBµ
+
δΣ
δca
δ
δLa
+
δΣ
δLa
δ
δca
+
δΣ
δωa
δ
δL¯a
+
δΣ
δL¯a
δ
δωa
+
δΣ
δc
δ
δL
+
δΣ
δL
δ
δc
+
δΣ
δω
δ
δL¯
+
δΣ
δL¯
δ
δω
+ iba
δ
δc¯a
+ ib¯a
δ
δω¯a
+ib
δ
δc¯
+ ib¯
δ
δω¯
+ σ
δ
δλ
+ λ¯
δ
δσ¯
+ ρ
δ
δϕ
+ ϕ¯
δ
δρ¯
+ h
δ
δψ
+ ψ¯
δ
δh¯
+ η
δ
δχ
+ χ¯
δ
δη¯
+ ξ
δ
δu
+ u¯
δ
δξ¯
)
, (137)
SΣSΣ = 0 , (138)
and ΥΣ,DΣ, D¯Σ are given by
ΥΣ =
∫
d4x
(
δ
δϕ
− α δ
δψ
− ica δ
δba
− iωa δ
δb¯a
+ 2
δΣ
δu¯
δ
δL
+ 2
δΣ
δL
δ
δu¯
+ 2
δΣ
δu¯
δ
δL¯
+ 2
δΣ
δL¯
δ
δu¯
)
, (139)
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DΣ =
∫
d4x
(
ca
δ
δc¯a
− i δΣ
δLa
δ
δba
− i δΣ
δba
δ
δLa
+ 2
δΣ
δL
δ
δξ¯
+ 2
δΣ
δξ¯
δ
δL
)
, (140)
D¯Σ =
∫
d4x
(
ωa
δ
δω¯a
− i δΣ
δL¯a
δ
δb¯a
− i δΣ
δb¯a
δ
δL¯a
+ 2
δΣ
δL¯
δ
δξ¯
+ 2
δΣ
δξ¯
δ
δL¯
)
. (141)
From the equations of motion of the Lagrange multipliers, eqs.(111),(112), and from those of the auxiliary
fields, eqs.(113)-(117), it follows immediately that the counterterm Σcount must be independent from the
set of fields
{b, b¯, σ¯, λ¯, ρ¯, ϕ¯, η¯, χ¯, h¯, ψ¯, ξ¯, u¯} . (142)
Similarly, from the linearly broken parametric equations, eqs.(122), it follows that Σcount is independent
from the mass parameters ϑ2, m2, M2, µ2 and v2. Due to the nilpotency of the linearized Slavnov-
Taylor operator SΣ, eq.(138), the characterization of the most general allowed counterterm corresponds
to identifying the cohomology [31] of the operator SΣ in the class of the integrated local polynomials of
dimension four and zero ghost number, subject to the remaining constraints, eqs.(132)-(136). After a
lengthy algebraic analysis, it turns out that the most general invariant counterterm can be written as
Σcount = a0 SYM [A] + a0 SYM [B] + SΣ∆(−1) (143)
with ∆(−1) being given by
∆(−1) =
∫
d4x
(
a1 Ω
a
µA
a
µ + a1 Ω¯
a
µB
a
µ + a2 c¯
aDabµ A
b
µ + a2 ω¯
aD¯abµ B
b
µ + a3 c
aLa + a3 ω
aL¯a
− iα
2
a4 (c¯
aba + igεabc¯ac¯bc)− iα
2
a4 (ω¯
ab¯a + igεabω¯aω¯bω)
+
1
2
(a2 + a3 + αa5)ϕ(A
a
µA
a
µ +B
a
µB
a
µ)− α(a3 + a4 − a6)ϕ(c¯aca + ω¯aωa)
+
1
2
(a5 ψ + a7 λ+ a9 χ)(A
a
µA
a
µ +B
a
µB
a
µ) + (a6 ψ + a8 λ+ a10 χ)(c¯
aca + ω¯aωa)
+a11 gε
abu(c¯acb + ω¯aωb) +
ζ1
2
a12 λσ +
ζ2
2
a13 ϕρ+
ζ3
2
a14 ψh+
ζ4
2
a15 χη +
ζ5
2
a16 uξ
+k1 a17 λρ+ k2 a18 λη + k3 a19 λh+ k4 a20 ϕη + k5 a21 ϕh+ k6 a22 χh
)
, (144)
and an, with n = 0, . . . , 22, being arbitrary dimensionless coefficients.
It remains now to show that the counterterm (143) can be reabsorbed into the starting classical ac-
tion Σ through a suitable redefinition of the fields, sources and parameters. This will be the task of the
next subsection.
A.4 Determining the renormalization factors
In order to show that the counterterm Σcount, eq.(143), can be reabsorbed through a redefinition of the
fields, sources and parameters, we shall employ the following compact notation. All fields will be denoted
by {f}, all sources by {J} and all parameters by {p}. As usual, the renormalization factors are introduced
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by
foff0 = Z˜
1/2
f f
off ,
fdiag0 = Z
1/2
f f
diag ,
Joff0 = Z˜J J
off ,
Jdiag0 = ZJ J
diag ,
p0 = Zp p , (145)
where the quantities labeled by ”0” stand for the bare, or unrenormalized, quantities, while those with no
label are the renormalized ones. Stating that the counterterm Σcount can be reabsorbed into the starting
action Σ, amounts to prove that
Σ[f0, J0, p0] = Σ[f, J, p] + εΣ
count[f, J, p] +O(ε2) . (146)
Due to the mirror symmetry, it follows that
Z˜A = Z˜U , ZA = ZU , Z˜b = Z˜b¯ , Zb = Zb¯ , Z˜c = Z˜ω , Zc = Zω ,
Z˜c¯ = Z˜ω¯ , Zc¯ = Zω¯ , Z˜Ω = Z˜Ω¯ , ZΩ = ZΩ¯ , Z˜L = Z˜L¯ , ZL = ZL¯ . (147)
For what it concerns the renormalization factors of the linearizing auxiliary fields and of the mass param-
eters, we have to properly take into account that these variables can mix each other, due to the fact that
they possess the same quantum numbers, i.e. the same dimensions, the same color structure , etc. As a
consequence, the corresponding renormalization factors turns out to be expressed in terms of matrices,
namely
ρ0
h0
σ0
η0
 = Z1

ρ
h
σ
η
 ,

ρ¯0
h¯0
σ¯0
η¯0
 = Z2

ρ¯
h¯
σ¯
η¯
 ,

ϕ0
ψ0
λ0
χ0
 = Z3

ϕ
ψ
λ
χ
 ,

ϕ¯0
ψ¯0
λ¯0
χ¯0
 = Z4

ϕ¯
ψ¯
λ¯
χ¯
 , (148)

m20
M20
ϑ20
µ20
 = Z5

m2
M2
ϑ2
µ2
 . (149)
All the renormalization factors, even the Z matrices, coincide with unity at zeroth order in the pertur-
bative expansion,
Z = 1 +O(ε) ,
Z = 1+O(ε) . (150)
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After direct inspection, it turns out that condition (146) can be consistently fulfilled with the Z’s factors
determined in the following way:
Z˜
1/2
A = 1 + ε
(a0
2
+ a1
)
,
Zg = 1− ε a0
2
,
Z˜1/2c = 1 + ε
(a2
2
− a3
2
)
,
Z1/2c = 1 + ε
(a2
2
+
a3
2
)
,
Z
1/2
ξ = 1 + ε
(a0
2
− a2 + a11
)
,
Zα = 1 + ε
(
a0 − 2a2 + a4
)
,
Zζ1 = 1 + ε
(
a12 + 2a0
)
,
Zζ2 = 1 + ε
(
a13 + 2a0 − 2a3 − 2αa5
)
,
Zζ3 = 1 + ε
(
a14 + 2a2 − 2a6
)
,
Zζ4 = 1 + ε
(
a15 − 2a0
)
,
Zζ5 = 1 + ε
(
a16 − a0 + 2a2 − 2a11
)
,
Zk1 = 1 + ε
(
a17 − a2 − a3 − αa5 − 2ζ2
k1
a7
)
,
Zk2 = 1 + ε
(
a18 − 2a0
)
,
Zk3 = 1 + ε
(
a19 − a0 + a2 − a6 − 2ζ3
k3
a8
)
,
Zk4 = 1 + ε
(
a20 − a2 − a3 − αa5 − 2ζ2
k4
a9
)
,
Zk5 = 1 + ε
[
a21 + a0 −
(
1− αζ3
k5
)
a3 +
αζ3
k5
a4 −
(
α− 2ζ2
k5
)
a5 −
(
1 +
αζ3
k5
)
a6
]
,
Zk6 = 1 + ε
(
a22 − a0 + a2 − a6 − 2ζ3
k6
a10
)
, (151)
and
Z1 = 1+ ε

−a0 + a2 + a3 + αa5
∣∣∣ a5 ∣∣∣ a7 ∣∣∣ a9
−α(a3 + a4 − a6)
∣∣∣ −a2 + a6 ∣∣∣ a8 ∣∣∣ a10
0
∣∣∣ 0 ∣∣∣ a0 ∣∣∣ 0
0
∣∣∣ 0 ∣∣∣ 0 ∣∣∣ a0
 , (152)
Z2 = 1+ ε

a0 − a2 − a3 − αa5
∣∣∣ α(a3 + a4 − a6) ∣∣∣ 0 ∣∣∣ 0
−a5
∣∣∣ a2 − a6 ∣∣∣ 0 ∣∣∣ 0
−a7
∣∣∣ −a8 ∣∣∣ −a0 ∣∣∣ 0
−a9
∣∣∣ −a10 ∣∣∣ 0 ∣∣∣ −a0
 , (153)
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Z3 = 1+ ε

−12(a0 − a2 − a3) + αa5
∣∣∣ a5 ∣∣∣ a7 ∣∣∣ a9
−α(a3 + a4 − a6)
∣∣∣ 12(a0 − 3a2 − a3) + a6 ∣∣∣ a8 ∣∣∣ a10
0
∣∣∣ 0 ∣∣∣ 2a7 − a0 − a2 − a3 ∣∣∣ 0
0
∣∣∣ 0 ∣∣∣ 0 ∣∣∣ −12(a0 + a2 + a3)
 ,
(154)
Z4 = 1+ ε

1
2(a0 − a2 − a3)− αa5
∣∣∣ α(a3 + a4 − a6) ∣∣∣ 0 ∣∣∣ 0
−a5
∣∣∣ −12(a0 − 3a2 − a3)− a6 ∣∣∣ 0 ∣∣∣ 0
−a7
∣∣∣ −a8 ∣∣∣ −2a7 + a0 + a2 + a3 ∣∣∣ 0
−a9
∣∣∣ −a10 ∣∣∣ 0 ∣∣∣ 12(a0 + a2 + a3)
 ,
(155)
Z5 = 1+ ε

−a0 + a2 + a3 + αa5
∣∣∣ a5 ∣∣∣ i√2 a7 ∣∣∣ a9
−α(a3 + a4 − a6)
∣∣∣ −a2 + a6 ∣∣∣ i√2 a8 ∣∣∣ a10
0
∣∣∣ 0 ∣∣∣ a0 ∣∣∣ 0
0
∣∣∣ 0 ∣∣∣ 0 ∣∣∣ a0
 . (156)
The remaining renormalizations factors are not independent, being given by
Z
1/2
A = Z
−1
g , Z˜
1/2
c¯ = Z˜
1/2
c , Z
1/2
c¯ = Z
−1/2
c , Z˜
1/2
b = ZgZ
1/2
c Z˜
1/2
c , Z
1/2
b = Z
−1
g ,
Z˜Ω = Z
−1
g Z˜
−1/2
A Z
−1/2
c , ZΩ = Z
1/2
c , Z˜L = Z
−1
g Z
−1/2
c Z˜
−1/2
c , ZL = Z
−1
g Z
−1
c ,
Z
1/2
ξ¯
= Z
−1/2
ξ , Zv2 = Z
1/2
ξ , Z
1/2
u = Z−1g Z
1/2
c Z
1/2
ξ , Z
1/2
u¯ = ZgZ
−1/2
c Z
−1/2
ξ . (157)
This proves that the action Σ of the replica model in the maximal Abelian gauge is renormalizable.
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